ADMISSIBLE SEMI-LINEAR REPRESENTATIONS 



M.ROVINSKY 



Abstract. The category of admissible (in the appropriately modified sense of representa- 
tion theory of totally disconnected groups) semi-linear representations of the automorphism 
group of an algebraically closed extension of infinite transcendence degree of the field of 
algebraic complex numbers is described. 



Let k be a field of characteristic zero containing all i'-primary roots of unity for a prime 
£, F be a universal domain over k, i.e., an algebraically closed extension of k of countable 
transcendence degree, and Gp/^ be the field automorphism group of F over k. We consider 
Gp/fc as a topological group with the base of open subgroups generated by {Gp/f 1 (x) \ x G F}. 

Denote by C the category of smooth (with open stabilizers) F-semi-linear representations 
of Gp/fr, i.e., F-vector spaces V endowed with an additive semi-linear (g(fv) = gf ■ gv for 
any / G F, g G Gp/^ and v G V) action Gpi^ x V —*■ V of Gp/ k . 

Denote by A the full sub-category of C whose objects V are admissible: dim F u V u < oo 
for any open subgroup U C G F j k . Clearly, A is an additive category and it is shown in 
[K| that it is a tensor (but not rigid) category. In the present paper one proves that the 
category A is abelian (Theorem I3.6|) . and F is its projective object (Proposition I3.4j) . 

Let the ideal m C F ®k F be the kernel of the multiplication map F ®k F F, where 
ko = k n Q is the number subfield of k. Consider the powers m s C F (g>/c F of the ideal m 
for all s > as objects of C with the F- multiplication via F <8>fc &o- 

In this paper we study the category A and describe it if k is a number field. Namely, in 
the case k = Q we prove the following: 

• The sum of the images of the F-tensor powers &)p* m under all morphisms in C 
defines a decreasing filtration W* on the objects of A such that its graded quotients 
gr^r are finite direct sums of direct summands of (£) F Qp (cf. ^4.11 pEI& n d Theorem 
I4.1U|) . This filtration is evidently functorial and multiplicative: (W p V\)®p(W q V2) Q 
WP +q {Vi ® F V 2 ) for any p, q > and any V h V 2 € A. 

• A is equivalent to the direct sum of the category of finite-dimensional k- vector spaces 
and its abelian full subcategory ^4° with objects V such that V Gp/k = (Lemma 
I4~T3|) . 

• Any object V of A° is a quotient of a direct sum of objects (of finite length) of type 
(g)|,(m/m s ) for some q, s > 1 (Theorem l4.10jl . 

• If V G A is of finite type then it is of finite length and dim^ Ext^(V, V) < oo for 
any j > and any V G A; if V G A is irreducible and Ext^m/m 9 , V) ^ for some 
q > 2 then V = Sym|,0^ and Ext^(m/m g , V) = k (Corollary S37J). 

• ^4° has no projective objects (Corollary 14.141) . but (£) F m are its "projective pro- 
generators": the functor Homc(0|,m, — ) is exact on A for any q (Corollary I4.16|) . 



The author was supported in part by RFBR grant 02-01-22005. 

1 



To describe the objects of A, one studies first their "restrictions" to projective groups 
(= PGL m fc), considered as subquotients of Gp/ k . It is known ([H]) that such semi-linear 
representations are related to homogeneous vector bundles on projective spaces. 

Let n > 1 be an integer, K n = k(WZ) be the function field of an n-dimensional projective 
/c-space and G n = Aut(P^/fe) be its automorphism group. 

Fix a /c-field embedding K n <^-> F. We show, in particular, that if V is an admissible F- 
semi-linear representation of Gp/k with no sub-objects isomorphic to F then any irreducible 
subquotient of the ET n -semi-linear representation V F / Kn of G n is a direct summand of 
&K„ ^Kn/k (this is Theorem 12.41 and Proposition 13.41 below) . 

0.1. Some motivation. The study of semi-linear representations comes from the study of 
Q- linear representations of Gp/ k , that are related to geometry, cf. [E]. 

Let Stug be the category of smooth representations of Gp/k over k. Extending of co- 
efficients to F gives a faithful functor F®k : Smc — > C. It is not full: if U C Gp/ k 
is an open subgroup and / G (F x /k x ) u — {1} then [a] i— > of ■ [a] defines an element 
of 'Ei\dc{F[Gp/k/U\) which is not in Ends mG (k[Gp/k/U]). However, its restriction to the 
subcategory Xq ® k of "homotopy invariant" representations 1 is. 

Lemma 0.1. If k = k then the functor Xq ® k C is fully faithful. 

Proof More generally, let us show that Homs mG (W, W) = Uomc(F (g> fc W, F ® fc W') for 
any W E Xc®k and any W G Smc- Let ip G RomdW, F<S>k W) and tp(w) = J2f=i fj® w j 
for some w € W, Wj G W, fj G -F and minimal possible N > 1. We have to show that 

Choose a smooth proper model X of . . . , /at) over A;. If it is not a point, choose a 
generically finite rational dominant map n to a projective space Y over which is 

• well-defined at the generic points of the irreducible components D a of the divisors 
of poles of ft, . . . ,f N , 

• induces on each D a a birational map and 

• separates D a . 

Then the trace ir*<p(w) has poles. On the other hand, n*(p(w) is in the image of W GF / k< - Y '> = 
W Gp ' k , so Tr*<p{w) G (F® k W') GF / k = k®k {W') GF / k by Lemma 7.5 of Fl. This contradic- 
tion implies that fj G k, and therefore, <p(W) C k W C F ®^ W. □ 

The Q-linear representations of Gpj k of particular interest are admissible representations, 
forming a full subcategory in Xq ® fc. Though tensoring with F does not transform them 
to admissible semi-linear representations, 2 there exists, at least if k = Q, a similar faithful 
functor in the opposite direction. 

Namely, it is explained in Corollary 15.21 that, for any object V of A and any smooth 
fc-variety Y, embedding of the generic points of Y into F determines a locally free coherent 
sheaf Vy on Y . Any dominant morphism X — > Y of smooth /c- varieties induces an injection 
of coherent sheaves tt*Vy ► Vx, which is an isomorphism if tt is etale. 

This gives an equivalence S : A — > {"coherent" sheaves in the smooth topology}, V i — > 
(Y i — > Vy(Y)). More generally, the "coherent" sheaves are contained in the category Tl 
of the flat "quasi-coherent" sheaves in the smooth topology, cf. p USl For any flat 

^i.e. such that W Gp l L = W Gp / L ' for any purely transcendental extension L' / L of subfields in F 
2 and moreover, there are irreducible objects of C outside of A ('Corollary 13,50 . 
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"quasi-coherent" sheaf V in the smooth topology the space T(Y, Vy ) is a birational invariant 
of a proper Y (Lemma 15.3(1 . Then we get a left exact functor Tl — > 5mg given by 
V i— » limr(y, Vy), where Y" runs over the smooth proper models of subfields in F of finite 
type over k. 

The functor r o S is faithful, since T(Y', Vy) generates the (generic fibre of the) sheaf 
Vy for appropriate finite covers Y' of Y (Lemma 15.3(1 , if V is "coherent" . But it is not 
full, and the objects in its image are highly reducible. If T(Y, Vy) has the Galois descent 
property then T(V ) is admissible. However, there is no Galois descent property in general. 

0. 2. Notation. Let k, F and Gp/k be as above. For a subfield L of F we denote by L its 
algebraic closure in F. We fix a transcendence basis x\,X2,x$, ... of F over 

For each n > 1 set Y n = Spec/cfx^ 1 , . . . , x^ 1 ] C A£ = Specfcfxi, . . . , x n ] C PJ! = 
Proj/c[X , . . . , X„] with xj- = Xj/Xq, K n = k{x x , x n ), G n = Aut(P£/&). 

Let Afffj = G n n Aut(A^//c) be the affine subgroup, and (Aff n ) u be its unipotent radical, 

1. e., the translation subgroup. Let H n = AS n n Aut(A^/A™ _1 ) be the sub group fixing the 
coordinates x%, ■ ■ ■ , x n _\ on A^. Let T n C G n be the maximal torus acting freely on Y n . 

Denote by T* ors the torsion subgroup in T n . 

For a field extension L/K we denote by Der(L/i^) the Lie iC-algebra of derivations of L 
over K. For an integer t > 2, the group of £-th roots of unity in k is denoted by fj,g, and 
the corresponding cyclotomic number subfield in k is denoted by Q(jU^). 

0.3. Structure of the paper. As it is mentioned above, we consider the projective groups 
G n as sub quotients of Gp/k- I n fflwe identify irreducible subquotients of "restrictions" of 
objects of A to G n with the generic fibres of the G n -equivariant coherent sheaves on 
Main ingredients there come from |BT| and In 321 we exclude some cases, thus showing 
that these irreducible subquotients are direct summands of ^ K j k - In 33 we show 
that A is abelian and calculate Ext 1 -groups between the irreducible objects of a tannakian 
category 6£™ (defined at the beginning of 21 pEI) of 

semi- linear representations of G n , 
containing "restrictions" of objects of A to G n . The latter part uses |LR| . After showing 
principal structural results on A (in [QJ we identify (in SJHI A with the category of "coherent" 
sheaves in smooth topology. Finally (in $JI3)> we define a descending filtration ^4>, of A by 
Serre "ideal" subcategories. Then we localize the quotients A/A >m for each m > to get 
a tannakian subcategory of finite-dimensional semi-linear representations of Gpi over F' 
for an algebraically closed extension F' of k in F of transcendence degree m. 

1. Equivariantness of irreducible PGL-sheaves 

Let <5£^ be the category of finite-dimensional semi-linear representations of G n over 
K n whose restrictions to the maximal torus T n in G n are of type K n W for unipotent 
representations W of T n (where T n is considered as a discrete group). 

Note that V = V T « IS ® fc K n for any V G 6£^. 

In [R], for n > 1, a fully faithful functor G£JJ — > {coherent G n -sheaves on P^} is con- 
structed. (A G n -sheaf is G n -equivariant sheaf if G n is considered as a discrete group. In 
other words, V is a G n -sheaf if it is endowed with a collection of isomorphisms a g : V — ► g* V 
for each g G G n satisfying the chain rule: a ng = g*oth o a 9 for any g,h £ G n . The term 
"G n -equivariant" is reserved for G n -vector bundles with algebraic G n -action on their total 
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spaces.) The composition of S with the generic fibre functor is the identical full embedding 
of &2%i the category of finite-dimensional iT n -semi-linear G n -representations. 

In this section we show that the category G£JJ is abelian and its irreducible objects are 
generic fibres of irreducible coherent G n -equivariant sheaves on R, i.e., direct summands 
of Kom Kn ({Ql n/k )® M , <S)' Kn Sl l Kn/k ) for appropriate integer M > 0. 

Lemma 1.1. The category 6£" is closed under taking K n - semi-linear subquotients. 

Proof. Let V £ G£^ and 0— > V\ — * V — > V 2 — > be a short exact sequence of semi- 
linear representations of G n over K n . As the A;- vector space V Tn ° TB (of the elements in V 
fixed by the torsion subgroup T* ors in T n ) spans the JT n -vector space V, the /c-vector space 
Tr[V n ) C v 2 n spans the A n -vector space V2- 

Tutors _ ltors rptors 

This means that V 2 = V 2 H ® k K n and 7r(F J ™ ) = V 2 n . 

, rptOTS rptot& rptoTS 

In other words, the sequence of T^ ors -invariants — > 71 — ► V n — > n — > is 

^tors 

exact, and extending its coefficients to iT n gives the exact sequence 

Tutors n' rptors rptors 

V " ®fc -fT ra — ► V2 = V 2 n <8>fc -fC n — > 0. As tt coincides with tt, we get V\ = V 1 n ®fc K n . 
Clearly, any subquotient of a unipotent representation of T n is again unipotent, and thus, 

v 1 ,v 2 ees^. □ 

Lemma 1.2. Xei £7 6e the total space of a vector bundle on K, Autn n (-E) be the group of 
automorphisms of E over k inducing linear transforms between the fibres, and r : G n — > 
Autii n (S) be an irreducible G n -structure on E, i.e., a discrete group homomorphism splitting 
the projection KvX\\ n {E) — > G n . Then the Zariski closure r(G n ) is reductive. 



Proof. Let Aut r be the kernel of the projection r{G n ) — > G n . 

For each point p£PJ let p p : R p := 7r _1 (Stab p ) — > GL(£ , P ) be the natural representation. 

As we suppose that E is an irreducible G n -bundle, p p is irreducible, since otherwise 
B := T(G n )B,p C is a G n -subbundle for any proper i? p -invariant /c-subspace B p C 

In particular, p p is trivial on the unipotent radical of R p . The unipotent radical of 
any algebraic group contains the unipotent radical of its arbitrary normal subgroup, so 
p p is trivial on the unipotent radical of Aut T . As the action of Aut T on E is faithful, 
P| p ker p p |Aut T = {!}> i-e., Aut T is reductive. As G n is also reductive, so is r(G n ). □ 

For a commutative finite /c-algebra A denote by Ra/u the Weil functor of restriction of 
scalars on A-schemes, cf. |DG| . I, §1, 6.6. 

We need the following particular case of Theoreme 8.16 of |BT| . 

Theorem 1.3. Let G be a simply connected absolutely almost simple k-group, and G' be a 
reductive k-group. Let r : G(k) — > G'{k) be a homomorphism with Zariski dense image. Let 
G'i, . . . , G' m be the almost simple normal subgroups of G' . 

Then there exist finite field extensions ki/k, field embeddings ipi : k — > k%, a special isogeny 
ft '■ YYlLi Rk i /k pi G — » G' (here iPi G := G Xfc )¥Ji ki) and a homomorphism p : G(k) — > Zqi{U) 
such that f3(R ki/k ^G) = G[ and r(h) = p{h) ■ (3([\T=i vW) / or « n ?/ & e ^ere 

: G{k) — > {R k ./ k pi G){k) is the canonical homomorphism). □ 

Corollary 1.4. Under assumptions of Theorem \l.,% for any torus T C G the Zariski closure 
of r(T(k)) is a torus in G' . □ 

Proposition 1.5. If n > 2 f/ien any irreducible object of G£^ is a direct summand of 
Hom^ n ((0™ )i/A ,)® M ,(g)^ ri ft^ n/fc ) /or an appropriate M. 



Proof. The functor S, mentioned in the beginning of this §, associates to an irreducible 
object V of G£^ a coherent G n -sheaf V on P£ with generic fibre V. 

Let, as before, T n be a maximal torus in G n and F n C PJ! be the n-dimensional T n -orbit. 
As v T ^ IS = r(y n ,v) T « ors , cf. E, is a unipotent representation of T n , Lemma 11.21 and 
Corollary 11.41 imply that T(Y n ,V) T ™° IB is a trivial representation of T n . 

In a /c-basis of T/ T «° rs the G n -action on V determines a 1-cocycle (g a ) G Z 1 (G n , GLjvfJf n ), 
where M = dim^ n V. There is an integer iV > n + 2 and elements a±, . . . € G n 
such that the morphism (T n ) N G n , given by (/ii, . . . , /tjv) >— ► ai/iiaj -1 • • • aj\r^JV«jv > ^ s 
surjective. Namely, using the Gaufi elimination algorithm, one shows that any element of 
G n is a product of < (n + l) 2 elementary matrices and an element of T n . On the other 

hand, it follows from the identity ( i?)(n?)(ii) = (. a ) * na ^ f° r 



-llj\0bj\llj \b-a b t 
any elementary matrix a the product T n ■ aT n a _1 • T„ contains all elementary matrices of 
the same type as a. This gives a surjection (T n x Yli^j "y^nO^ 1 )^" 1 ^ x Tn — G n , where 
«jj is the elementary matrix with 1 in the i-th row and j-th. column. 
Then 

9w(hi,...,h N ) = gi(x)g' 1 (aihi(x))g 2 (a 1 h 1 a^ 1 (x))g' 2 (a 1 h 1 a^ 1 h 2 (x)) ■ ■ ■ 

g N {aihia^[ 1 ■ ■ ■ a N ^ih N ^ia N l _ 1 (x))g' N {aihia^ 1 ■ ■ ■ a N ^ih N ^ia^_ l a N h N (x)), 



where gj(x) := g a . and g'j(x) := g a -i for all 1 < j < N. In other words, the lifting of the G n - 

m 
k 



action on tot(V) to (T n ) N - "coupling" via 7r determines a rational map (T n ) xP£ — » GLjvffc. 



Clearly, it corresponds to a regular morphism (T n ) N xtot(V) — ► tot(V) and factors through 
a regular morphism G n x tot(V) — ► tot(V) of fe-varieties, i.e., we see that V is equivariant. 

The generic fibres of irreducible G n -equivariant sheaves on PJ? are exactly of the desired 
type. □ 

Remark. There can exist, a priori, non-equivariant irreducible coherent G n -sheaves 
on P?, e.g. the extension of coefficients to Op™ of a non-rational representation of G n is 
seemingly of this type. 



2. "Positivity" 

In this section we show that for any admissible F-semi-linear representation V of Gp/^ 
any irreducible subquotient of the if n -semi-linear representation V Gp/Kn of G is a direct 
summand of ®' Kn n K n /k- 

It is shown in [R] that any finite-dimensional i^„-semi-linear G n -representation extend- 
able to End(K n /k), e.g. V Gp / Kn , is an object of S£^. By ProDosition ll.51 we only need to 
eliminate the negative twists by fl 1 ^- ^ in irreducible subquotients of V F / Kn . 

To do that we show first that the generic fibres of irreducible coherent G n -equivariant 
sheaves are determined by their restrictions to the subgroup Aff n = G n n Aut(AJJ/fc). 

Lemma 2.1. Let Aff„ be the group of affine transformations of an affine space with the 
function field K n . Then the natural morphism 

(1) {rational fc-linear Aff n -representations} ^^. n {j^-semi-linear Aff ^representations} 
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transforms isomorphism classes of irreducible k-representations of Aff n to isomorphism 
classes of irreducible K n -semi-linear representations 0/ Aff^ ^(Q), the subgroup o/Aff n con- 
sisting of <Q-affine substitutions of x%, ... ,x n with Jacobian equal to 1. 

Proof. Let W be an irreducible /c-representations of Aff n , and U C W K n a non-zero 
A„-semi-linear subrepresentation of Aff„ Q. Let a = YljLi w j a j G ?7 be a non-zero element 
with minimal possible N, where Wj G W and aj G K n . Multiplying a by an element of 
K n we may assume that all aj are polynomials: a = ^jtu'jX 1 . Since W is irreducible, the 
elements of the unipotent radical (Aff n ) u of Aff n , i.e., a such that az — z G k for any linear 
function z on A£, act trivially on W. 

Applying an appropriate composition of difference operators a — r for some a, r in the 
unipotent radical of Aff^Q to a, we can lower the degrees of the polynomials ay and 
eventually get a non-zero element of W . As W = Wq ®q k for an irreducible representation 
W of Aff^Q, any non-zero element of W generates W K n , which means that U = 
W ® fc K n . □ 

Corollary 2.2. Let AS n , {AS n ) u , A£ and K n be as in LemmaVTk Then V i-> y( Aff «)" 
gives a natural bisection 

{isomorphism classes of \ ( isomorphism classes of 

irreducible G n -subrepresentations in \ I irreducible rational fc-linear 
M Rom K ((Q n Kn/k r M , ®' Kn n) <n/k ) J I Aff„-representations 

such that its composition with the morphism 0) is the inclusion map. □ 

Let W be an (n + l)-dimensional fc-vector space, L C W be a one-dimensional subspace, 
and H hn = ker[GL(W,L) -> GL(W/L)\ = k x x Rom(W/L,L) be the group preserving L 
and inducing the identity automorphism of W/L. 

Lemma 2.3. For any Young diagram A with no columns of height > n + 1 one has 

,H lin _ j S\W/LY if s = 0, 



(S A W W ® fc (detWf 



otherwise 



Proof. Denote by X = AF(W) = GL(W)/R U (B), the variety of complete affine flags in 
W. An affine flag is a filtration W, = (0 = W C W\ C W 2 C • ■ ■ C W n+1 = W) with 
dinifc Wj = j and a collection of lj G Wj/Wj-i — {0}. 

Let Y = GL(W) / B be the variety of complete linear flags in W. Then the natural 
projection X — — > Y is a principal (G m ) ra+1 -bundle, and there is a decomposition 7r*0x = 
® A4(/i) into a direct sum of invertible sheaves on Y, where fi runs over the group Z n+ 
of characters of (G m ) n+1 , so 0(A) = 0^ T(Y, M (//)). 

Set A° = {(V., /.) G A | K n L = <=> "l n+1 G L"}. Then reduction modulo L defines 
a principal L® n x G m -bundle X° — ► AF(W/L), (h,..., l n+l ) ^{h,..., l n ). 

Let X° ^— > L — {0} be the natural H- ( or G m -) equivariant map, and l n j r \ be the 
composition of "Z n +i" with a fixed isomorphism L — {0} = G m . 

Set SH := ff lin n SL(W) = Hom(W/L,L). Then 0(A) 5H = O(X) n 0(A°) 5 ^ = 

0(A) n 0(AF(W/L))|I n+lj d], so C(A)(//) 5H = O(A) n 0(AF(M//L))(/x')CT, where 
fj/ G Z n is the restriction of fi to the first n multiples of (G m ) n+1 . 

For any fi this is an irreducible representation of GL(W/L), and thus, 0(X)([i) SH = 
0(AF(W/L))(fi')InXi if 0(X)(fi) / 0. 



As any irreducible representation of SL(W) coincides with 0(A) (/x) for some fj,, this 
implies that (S X W V ) SH = S X (W/L) V . □ 

Theorem 2.4. For any F -semi-linear G p /^-representation V G A any irreducible subquo- 
tient of the K n - semi-linear G n -representation V Gf ^ k " is a direct summand of &)' Kn 

Proof. Let W = A^ +1 be the vector space with coordinates x\, . . . ,x n +i, so k(W) = 
K n+ \. By Proposition 11.51 and Corollary 12.21 the restrictions to Aff n +i = Aff(W) of ir- 
reducible subquotients of the i^ ra+ i-semi-linear G n +i-representation V F/A 'i+i are of type 
(S X W V <8> (det W)® s ) ® fc K n+X for a Young dia gram A with no columns of height n + 1 and 
some integer s, where Aff n +i acts on W via its reductive quotient GL(W). 

Let H C Aff n+ i be the subgroup fixing the functionals xi,...,x n in W v vanishing on L. 
Let Aff n be the unipotent radical of Aff n+ i, i.e. the group of translations of W. 

Then the restrictions to Aff n of the irreducible subquotients of the iT n -semi-linear Gn- 
representation V g f/Ku are contained in ((S X W V <g> (det W)® s ) ® k K n+l ) H . As H n Aff n = 
(l) fc ^ k, we get ((S X W V ® (det W)® s ) ® fc K n+1 ) HnAS - = (S X W V ® {detW)® 3 ) ® fe K n , so 
((S X W V <g> (det W)® s ) ® fc K n+l ) H = (S X W V <g> (det W)® S ) H ® fc K n . 

By Lemma 1231 (S x W y ® (detW)® s ) H coincides with S X (W/L) V if s = 0, and vanishes 
otherwise. This means that any representation of Aff n obtained this way is a direct sum- 
mand of the tensor algebra of the representation (W/L) v = (fi^ ) {translations} Q f 

As any irreducible subquotient U of the isT n -semi-linear G n -representation V F / Kn is deter- 
mined by its restriction U\As n to Aff n and U\\s n is a direct summand of <S)' Kn Q l K i k , the 
same holds for U. □ 

3. Extensions in 6£^ and in A 

For an integer ^ > 2 such that jii< C i; (see M.2[) . denote by Affn Q the subgroup of 
Aff n consisting of the Q(/xg)-affine substitutions of xi, . . . ,x n with Jacobian in [if. Xi i— > 
Sj=i a «i x j + where a^-, 6j G Q(/^) C and det(ay) G and by SAffl Q the subgroup 
of index i consisting of elements with Jacobian equal to 1: det (ay) = 1. 

Lemma 3.1. Let n,£ > 2 be integers. Assume that \ii C k. Let Uq be the unipotent 
radical of SAff^Q. Then for any object V G G£^ there is a rational representation W 
of the reductive quotient SL n Q(/u^) = SAff^Q/t/o °f SAffl Q, and an isomorphism of 

(£) ~ 

semi-linear SAff„ Q-modules W <8>q( w ) K n — > V. 

Lrreducible rational representations of SL n Q(/u^) with coefficients extended to K n are ir- 
reducible semi-linear representations of SAff n Q over K n . In particular, any extension in 
G£^ splits as an extension of K n - semi-linear representations o/ SAffn Q. 

Proof. It is shown in Lemma 6.3 (1) of [R] that H°(Uo, — ) is a fibre functor on 6£^ 
independent of £, so V = V u ° (E>k K n , i.e, the restriction of V to SAffn Q is a /c-linear 
representation V u ° of SL n Q(/^) with coefficients extended to K n , for any V G 6£^. 

As it follows from Proposition 11.51 the irreducible subquotients V a of V restricted to 

(£) 

are of the form W a ®q( w ) K n , where W a are rational irreducible representations 
of SL n Q(^). Then the irreducible subquotients of V Uo are = W a <8>q( w ) k, and are 

irreducible semi- linear representations of SAffn Q by Lemma 12. II 

If V u ° is not semi-simple then it admits a non-semi-simple subquotient W of length 
2. Let in Theorem 13.91 n = Q(//£), K = k, G = SL n , be the Zariski closure of the 
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image of SL n Q(/^) in GL k (W) and let r be given by the SL„Q(^)-action on W. Then the 
unipotent radical of Q is commutative. As the derivations of k = Q(ne) axe zero, we see 
that the /c-linear representation W of SL„Q(/^) is semi-simple. □ 

Remarks. 1. Using Theorems II. 31 and 13. 91 it is not hard to show that any representation 
of SL n K over any field of characteristic zero is semi-simple for any number field K. 

2. Let V = Q l K /A (S>k K n , where A C is a proper fc-subspace. Let the extension 
O^V^U^Kn^Obe given by the cocycle (w ff = dlog^) E Z 1 (G n ,V), where 
<jj = dx\ A ■ ■ ■ A dx n € j k . Then the restriction of (w ff ) to GL n /c is non-trivial. 

3. The convolution with the Euler vector field Y^j=i Xjd/dxj defines a GL n A:-equivariant 
morphism Q} K j k — > K n given by dxj h- > Xj. It is non-split for n > 3, since (Jl^. /fc) SLn ^ = 0- 

Lemma 3.2. Lei n, t > 2 and s be some integers, and X be a Young diagram with columns 
of height < n such that I does not divide s + rj^rj, if A is rectangular of height n — 1 and 
non-empty. Let V = S^ l Kn/k ® Kn (P> n Kn/k T s ■ 

Then (y^)AieiQ = ^Aff^Q, where := G Kn j Kn _ x D Aff^Q. 

Proof. Let be the /c-span of ctei, . . . , <ix n in J7^^ fc . Then S^fl^ / fe = S k W ® k K n 
and 0™ n/fc = det fc iy ® k K n . Set SH^ = D SAff^Q. Then w£> ^ x SH ( n\ and 
therefore, = {y SH ^)^. 

a CO c CO 

One has U 5Wn = (5^TU(g)fc K n ) SHn ® k (&et k W)® s . As the intersection of the unipotent 

(£) (£) \ 

radical of Aff„ Q with STCn (i.e. the Q^^-translations of x n ) acts trivially on S k W and 

fixes exactly K n _\ in i^ n , if n > 1, we get 



V SH - = {SlW) sn - ® k (det W f s ® k K n ^ = Sl(W SH -) ® k (det W)® s ® k K n —±. 



k k 



Then 



V n " = S£{W sn " ) ® fe ((det W)® 3 )^ ®k 

[ otherwise. 

On the other hand, V AS ^ Q = (5^W® fc (det fc W0® s ® fe lfn) Aff ™ )Q coincides with (S^W®* 
(det fc W0® s ) Aff " )Q , since the unipotent radical of Aff^Q acts trivially on S£W® k (det k W)® s 

and fixes exactly k in K n . Thus, for n > 1, we get y Aff « )(I 2 = / ^ ^ A ^ an< ^ This 

[ otherwise. 

t i.1 t /ifW |f) \Aff (<) o I k if A is rectangular of height n — 1 and £\(s + -^t), r 
implies that (U rt ™ ) Att «-i^ = < 6 6 iy n ~ lh for 

I otherwise 

n > 2 (assuming that empty A is (0 x (n — l))-rect angular). □ 

Lemma 3.3 ([E]> Lemma 7.1). Lei n > m > be integers and H be a subgroup of Gp/ k 
preserving K n and projecting onto a subgroup ofG^jk containing the permutation group of 
the set {xi, . . . ,x n }. Then the subgroup in Gp/ k generated by Gp/K m and H is dense. □ 

We note that Affn^Q C G n C Gx n / k does indeed contain the permutation group of the 
set {xi, . . . , x n } for any even I > 2. 



For any U G A and m > set ?7 m = U Gp/Km . Using smooth cochains, one defines the 
smooth cohomology H J smooth (G F/k , - ) := Ext^ (Q, -). 

F/k 

Proposition 3.4. IfU^A and there is a subquotient ofU n G G£^ isomorphic to K n then 
there is an embedding F ^ U in A. One has Smooth ( ^-F A > V) = for any V £ A. 

Proof. By Lemma [23 [T^/* = t/^+f + lQ n U n for any even £ > 2. By Theorem E3J 

7~t (£') Aff Q 

Lemma l3~Tl and Lemma I3~21 (t/ rH ? 1 t ~ 1 ) Affn ^ = ^„ + r +1 for any n > 1 and any sufficiently 

big £ (where is defined in LemmaEHJ). Then, as U n C f7 n + x + \ one has £/ GF / fc = f/ Aff " )Q 
for any sufficiently big even ^, and thus, XJ Gp l k ^ if there is a subquotient of U n G G£^ 
isomorphic to K n . 

Clearly, Ext^ mQ (Q, — ) = Ext£(F, — ) on C for any j > 0, 3 so we have to show that any 

smooth F-semi- linear extension — ► V — ► U — > F — > splits. 

Fix u G U in the preimage oil £ F. The stabilizer of u contains a subgroup of type Gp/^ 
such that the elements of L are algebraic over K m for some m > 1. Then the normalized 
trace tr/jj m u £ belongs again to the preimage of 1 G K m , so C/ m surjects onto K m . 

By Theorem 12.41 and Lemma l3.1l the semi- linear representation XJ m of Aff^Q over K m 
splits as K m © Vm, and thus, U F / k projects onto k. Then sending 1 G C i 7 to one of its 
preimages in \J Gp l k extends to a splitting of U — > F. □ 

Corollary 3.5. For an integer n > 1 let H C Gpyj. k a subgroup containing Gpij^ n 
such that Gpj-jr^ is a normal subgroup in H. Consider H/Gp/x n as a subset in the set 
/k 

\K n K n ) of field embeddings of K n into its algebraic closure in F over k. Suppose that 
H/Gp/K n contains AS n . Let V = F[Gp/k/H]° G C consist of formal degree-zero F-linear 
combinations of elements in Gp/k/H. 4 Then any quotient ofV which lies in A is zero. 

Proof. V is generated by a = [1] — [a] G , where a sends Xj to X2 n +l-j 

for each 1 < j < 2n. Any admissible semi- linear quotient of V is generated by the image 
of a, which is, by Propositions 11.51 and 13.41 fixed by the whole Gpi^. On the other hand, 
act = —a, so any admissible semi-linear quotient of V is zero. □ 

Theorem 3.6. The category A is abelian. The functor H°(Gp/L, — ) is exact on A for any 
subfield L in F containing k. 

Proof. We have to check that A is stable under taking quotients. Let V G A and 
V —> V be a surjection of F-semi-linear representations of Gp/).. By Proposition 13.41 for 

any K C F of finite type over k and any v G (V ) F/K — {0}, the extension — » ker7r — > 
7r _1 (F ■ v) — > F — > of F-semi-linear representations of G F ^ splits. This implies that 



3 Any class in Ext;!, (F, V) represented by — > V — > Vj —»•••—► V\ — > F — > is sent to the class 
of -> V" -> V5 -> ■ ■ ■ -> V2 -> Vi x F Q -> Q -> in Extj mc (Q,V). Conversely, the class of 

0-*-y-»Uj-»-.-^?7i-»Q-»-0m Ext^ mc (Q, V) is sent to the class of -> V -> (XJ 3 ® F)/K 

?7j_i §5 i* 1 — > ■■■ — » I7i®F^F^0, where AT is the kernel of the surjection forget(l / ) ® F — > V and 
forget : C — > SrriG F/k is the forgetful functor. 

In particular, if H = G^ F 7j^-jy fc then V = F[{L C F \ L = K n }]° consists of formal degree-zero F-linear 
combinations of algebraically closed subfields in F of transcendence degree n over k. 
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the natural projection V Gp l K — (V') Gf / k is surjective, and thus, V is also an admissible 
semi-linear representation. 

The functor H°(G F / L , — ) on A is the composition of the forgetful functor $ : Ak — > Cl, 
the functor H°(G F ^ F , — ) on and the exact functor H°(Gj^^ L , — ) on SttiQj. . If -L is of 
finite transcendence degree over k then the forgetful functor $ factors through A F , so the 
composition H (G p /j, — ) o $ is exact. If L is of infinite transcendence degree over k then 

H (G F /-£, — ) induces an equivalence of categories SmG F/k — ► SmG T/k , so H°(G F ^, — ) is 
also exact. □ 

Corollary 3.7. H^ mooth (G F/k , fi* F/fc)Closed ) = H^iG^, n- /MB J = 0. 

Proof. By Proposition l3.4l Hsmooih(. G F/ki & F / k ) = 0. Then a piece of the long cohomolog- 
ical sequence of the short exact sequence — > Q q F ^ k closed — * ^fy& ~* ^ q F /\ ex act ~~ } ® l°°ks as 
ff0 (%.^, m J - ^ooth(GF/ fc ,^ /fc , closed ) - ALoothC^/ifc.n^ = 0. Evidently, 
F°(G F/fc ,^ exact ) = 0, so H^ mooth (G F/k ,n F/kdoscd ) = 0. 

Clearly, H°(G F / k ,H^, k (F)) = 0. 5 A piece of the long cohomological sequence of short 
exact sequence -> fij. /fc)ffltact ^ F/fciClosed H q dR/k (F) -» looks as 

H °( G F/k,Hl R/k (F)) ► ^smooth (^/fej^l/fe^xact) * H smoothi G F/k, ^F/h,closed) = °' 
S°^s m ooth(GFA,^ /fc , cxact )=0. □ 

3.1. Extensions in G£^. Now we need the following particular case of Bott's theorem. 

Theorem 3.8 ([E], cf. also [Hp. If V is an irreducible G n -equivariant coherent sheaf on 
F% then there exists at most one j > such that H j (F^,V) / 0. IfH j (F%, V) G " ^ f/ien 

v = r2p^y fc . □ 

We also need the following explicit description of the homomorphisms in the case of 
commutative unipotent radicals of the target groups. It confirms general expectations, 
sketched in Remark 8.19 of jBTj and in [T], §5.1. 

Theorem 3.9 ( |LKj . Theorem 3). Let G be a simple simply connected Chevalley group over 
a field k of characteristic zero. Let Q be a connected algebraic group over a field extension 
K of k. Let t : G(k) — > G(K) be a homomorphism with Zariski dense image. Assume that 
the unipotent radical Q u of Q is commutative and the composition G(k) — * Q{K) — > G'(K), 
where G' = Q/Q u , is induced by a rational K -homomorphism A : G x K K — ► G' . 

Then Q u splits over a finite field extension L/K into a direct sum of r copies of the 
adjoint representation of G' , so r = dim Q u j dim G' . 

Let A = «[ei, . . . ,e r ]/(ef, . . . ,ef) and H = Ra/ k (G x k A) = Gk g® r where q = Lie(G) 
is the adjoint representation of G. 

Then there exist derivations 5i, . . . , S r : k — > L and an L-isogeny [i : 7i x K L — > Q x K L 
such that t = fjL o r}s, where rjs '■ G(k) — ► Tt(L) is induced by the ring embedding id + 
Y%=i £ j$j : k ^ A® K L. □ 

^Let lu £ ^A/k ^ ^F/fe represent a G^/ft-fixed element for a smooth finitely generated fc-subalgebra 
A C F. Fix a 6 Gp/^ such that A and <j(A) are algebraically independent over k. Then uj — acu = dr\ 
for some r\ e W'l, where B C F is a smooth finitely generated (^4 ®k cr(A))-subalgebra. Fix a fc-algebra 
homomorphism ip : a (A) — > k C F and extend id ■ tp : A ®fc a(A) — > A ®k k C F to ijj : B — > F. Then ip 
induces a morphism of differential graded fc-algebras tp* : £1%/^ — > ^F/k identical on Q.\/ k , so uj — dip*(r}). 
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Lemma 3.10. Let n>2. Suppose that Extg£u(X n , V ) ^ for some irreducible object V 
of 6£^. Then either V Q ^ ^ l Kn/k , or V Q ^ Ber(K n /k). One has Ext^(K n , fi^ , fc ) = k 
and Extg £ u (K n , Der(K n /k)) = Der(fc). 

Proof. Let V = 5(K>) be the irreducible coherent G n -equivariant sheaf on P(Q) = P'£ 
with the generic fibre V a , and let — > V — ► V — > if n — > be an extension in 6£^. 

Suppose that the short exact sequence — > V — > «S(V) — > O — > of coherent sheaves 
on P(Q) splits. Let £ be the total space of 5(F) ^ G V. Then, as Aut(S(F),V) = 
(G m x G m ) x r(P^, V), the G n -structure on 1/ corresponds to a splitting of the sequence 

(3) 1 — (G m x G m ) x r(P(Q), V) — » AutHnCS, tot(V)) — ► G n — ► 1. 

As H^G^G™ x G m ) = 1, Theorem El (with G = SL n+1 £;, G' = G n and Q u C r(P£,V)) 
implies that a non-standard splitting of (jSJ) can exist only if r(P£, V) is isomorphic to the 
adjoint representation of G n , i.e., if V — Tp n /k- The identity Ext S £ U (iT n , Der(i*r n /£;)) = 
Der(/c) follows also from Theorem 13.91 

If V = f^pn/ fc then the target of the homomorphism Ext e£U (K n , V ) —— > ExtJ^CW , V) = 

k ' n k 

k induced by the functor S is generated by the class of the Euler extension — > ^^qy k — > 
Q v ®fc Op(Q)(— 1) — > Cp(Q) — > 0. Let -E 1 be the total space of the vector bundle with 
the sheaf of sections Q v <8>fc 0{— 1). Any G n -structure on the middle term of this extension 
corresponding to an element of Ext e£ u (K n , Q\ / k ) is a splitting of the short exact sequence 

(4) 1 — » Aut(Q v ® fc 0(-l),nJ (Q)/fc ) — ► Aut lin (£,tot(f} p(Q)/fc )) — » G n — ► 1. 

As any point of P(Q) determines a hyperplane in Q v , the group Aut(Q v ®fcO(-l),fiJ W) ) 
coincides with the subgroup of GL(G;) stabilizing all hyperplanes in G; v , i-e., with the centre 
G m of GL(Q). Then Autn n (-E, t°t(^ P (Qw fe )) is a central G m -extension of G n , so the splitting 
of Q is unique and corresponds to the usual G n -equivariant structure. □ 

Corollary 3.11. If k = Q f/ien 6£^ is equivalent to the category of G n -equivariant vector 
bundles on P£. 

Proof. The category of G n -equivariant vector bundles on P£ is a full sub-category of 
&£>n with the same irreducible objects. As it is mentioned at the beginning of ^ p|31 the 
objects of G£^ are generic fibres of coherent G n -sheaves on PjJ. Suppose that V G G£^ is 
the generic fibre of a non-equivariant vector bundle on PJ! of minimal possible rank. Then 
it fits into an exact sequence — > -B — > V — > A — > 0, where A, I? are the generic fibres of 
G n -equivariant vector bundles on P^ and A is irreducible. Let / C C B be an irreducible 
sub-object and D = B/C. Then the rows in the following commutative diagram are exact: 

Hom u (A,D) -» Exti(A,C) -» Ext* (A, B) -» Ext* (A, £)) -» Ext£(A,G) 

| 1 1 Lemma 13. 101 (J || minimality of V t £ 

Hom eq (A,D) -» Extg q (A, G) -» Ext*j(A,fl) -» Ext^A,!)) -» Extg q (A, G) 

where subscript u refers to the category S£^ and eq refers to the category of equivariant 
vector bundles. 

Let us show that £ is injective for any irreducible A and G. As G ®k„ A v is semi- 
simple (as it follows from Proposition ll.5j) and Extv(A, G) = Ext7(ET ra ,G ®K n A v ), where 
? = u or eq, we may assume that A = K n and G is still irreducible. By Bott's Theorem 
13.81 dinifc Extl q (K n , C) < 1 with equality only if G = ft 2 K so we assume further that 

li 



C = VL 2 K j k . The forgetful functor from G£^ to the category of coherent sheaves on ¥' k l 
induces a homomorphism Ext u (^4, C) —> H 2 (F k 1 , f2p„/ fc ). Clearly, its composition with £ is 
an isomorphism. 

Then the 5-lemma implies that Ext* (^4, B) = Ext^A, 5), and thus, V is equivariant. □ 

4. The category A in the case k = Q 

In this section we determine (in Theorem I4.10|) the structure of the objects of .4 in the 
case k = Q, the field of algebraic numbers. The objects V of „4 are quotients of sums of 
representations of G over k induced by rational representations of GL m /c's (considered as 
subquotients of G) with coefficients extended to F (cf. Lemma 14.1(1 . Then we find (in 
Lemma l4.2|) a supply of elements in the induced representations vanishing in V, and use 
them in Lemmas I4.3H4.7I to show that the objects of A are sums of quotients of (^^m. In 
Sj4.ll we study extensions in A. 

Let V £ A and m > be such that V m ^ 0. Then there is a non-zero morphism 
F[G F / h /G F / Km ](g) Km [p Ghm+lk } V m — > V in C. The object V m of 6£^ admits an irreducible 
sub-object A ^ 0. By Theorem 12.41 ^4 = Sg m £ig y fc for a Young diagram A. Then 
F [GF/k/G F /K m ] ®K m [PGL m+1 k] A — > V is also non-zero. Clearly, A = B (g> k K m , where 
B := ^(Aff™)" ^ (5^- m 0^ / , A ,)^ Affm ^ = S k (k m ) is a rational irreducible representation of 
GL m /c := Aff m /(Aff m ) u . 

This implies that there is a non-zero morphism U := .F[W°] <S>fc[GL m fc] ^ V an d a 

surjection U — > S^^, where := {AT m F}/(Aff m ) u is considered as a Gp^-set. 

/k 

As any embedding if m ^ F is determined by the images of xi, . . . ,x m , one can con- 
sider W° as a subset of (F/k) m consisting of m-tuples with entries algebraically indepen- 
dent over k. More invariantly, let W := Rom k ((K m /k)^ ASm ^ , F/k) = (F/k) m be the 
group (a /c-vector space) generated by W°. The isomorphism is given by restriction of the 
homomorphisms to the basis {x~j~, . . . , x^7} of (K m /k)( ASm ^ u . Define a homogeneous map 
x : W — ► Jljy fe (g>fcdetfc Hom G (.F/fc, W) of degree m by inverting the first isomorphism in the 

sequence W ^- {F/k)® k Hom G (F/k,W) ^ nj, /fc <g> fc Hom G (F/A;, W) — ► Sym^Q 1 ^ ® fc 
Rom G (F/k, W)) — ► Q™ /k ® k det fc Hom G (F/£;, W). Then W° = {w eW \ x(w) + 0}. 

Let (yi, . . . , y m ) i-> [yi, . . . ,y m ] be the map (F/k) m — > {0} U W" 5 sending (yi, . . . , y m ) 
to [xj i— > yj] if yi, ... ,y m are algebraically independent over fc, and to otherwise. Then 
\fiyu . . . , //y m ] ® 6 = /ul A l [yi, . . . , y m ] ® 6 in U for any /jet If yi, . . . , y m belong to the 
/c-linear envelope of xi, . . . , for some integer M > 1 then [yi, . . . , y m ] ®6 E f7^ ffM ^ is 
a weight |A| eigenvector of the centre of GLm k. 

Let U- M C C/^ ffM)u be the fc [GL M fc] -envelope of [ xi, . . . , x m ] (8> & for some b ^ (which 
is the same as fc-envelope of all [yi, . . . , y m ] (g) c for algebraically independent yi, . . . , y m in 
the fc-linear envelope of x±, . . . , xm and all c). Clearly, U m = B as fc[GL OT fc]-modules, and 
any non-zero morphism U — > V induces an embedding U* m V. 

Lemma 4.1. If k = Q then for any V € <5£m i/ie representation V^ ASm ^ u of GL^jk is 
rational semi- simple, and y( Aff *f)u (gj fc = y 



Proof. By Corollarv l.S.llj V is the generic fibre of a PGLj^+i ^-equivariant vector bundle. 
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Then, by Lemma 6.3 (1) of R , V = V u " ® k K M , where U is a Q-lattice in (Affjvf)u- 
The group (Aff acts rationally on V u °. As the action of the Q-lattice Uq is trivial, the 
action of the entire (ASm)u is trivial, i.e., V = V^ ASm ^ u 0^ Km- Then the action of GLj^k 
on V^ JkSm " >u is rational, and thus, semi-simple. □ 

Remark. There is no semisimplicity if k contains a transcendental element. 

Indeed, let the underlying K n -vectox space of V G be K n © /(A ©& A" n ) for 

a proper fe-vector subspace A C £l\ of finite codimension, and the G n -action be given by 
a(f, u) = (af, aoo + of ■ dlog(an / rf)) for any a G G n , where rj = dx\ A • • • A dx n G f2^. 
(So V fits into a non-split exact sequence — > / (A CEDfc i^ n ) i"C n — ► 0.) Then 

a(f,uj) = (of,ou) if cr G (Aff n )„, and therefore, y( Afr ™)« = k ffi O^/A is a non-trivial 
extension of trivial representations of GL n k. 

Lemma 4.2. The kernel ofU^ — > SpO,p, k is contained in the kernel of U — — > V. 

Proof. By Lemma l4~Tl the image U' M of U M in V is isomorphic to ©ij,i = m (S^(k M )) m " . As 
UL C ^T GLMfcnG ^/^ © M =| A |(^(A; TO )) m '' and is generated by ^ ,S fc A (fe m ) C 
S^(k M ), we see that f/j^ is isomorphic to S^(k M ). Then the kernel of C/j^ — > S£,f^y fc is 
contained in the kernel of the morphism U — V . □ 

Let W Mo C W M be the subset consisting of M-tuples (yi, ■ ■ ■ ,Vm) such that Yliei ^ e 

for any non-empty subset I C {1, . . . , M}. 
Let k[W Mo ] — > k[W°] <S>k[k x ] k(M) be the /c-linear map sending (yi, . . . ,um) to 

(j/i, • • • , yM) := E C-iJ^E G W ®*[**] fc ( M )- 

JC{1,...,M} ie/ 

Here k(M) denotes a one-dimensional /c-vector space with fe x -action by M-th powers. As 
(y, . . . , y) is sent to 

J2(-iy (^)j M {y] = (4) M (i - *) M I^ • M = (-i) M ^' • M, 

i>o v 3 J 

it is surjective. Clearly, (yi, . . . , y^f) = (2/0(1) > • • • >2/0(M)) f° r an y permutation G 6m- Let 
[7 := F[VF' A ' ] — ► [/ be the F-linear surjection sending (yi, . . . ,y\\\) to (yi, . . . ,y\\\) <g> 6. 

Lemma 4.3. Zei i/ie k-linear map a : given by [w] \— ► u;® . T/ien a 

/actors through k[W°] ® k [ k x] fe(M) and (yi, . . . , yjw) ^ (-1) M Ee G 6 M ^(1) ® ' ' ' ® V0{M) if 
( yi ,...,y M ) £W M °. 

Proof. The element (yi, . . . , yjy/} is sent to 

(-i) #/ E^) 0M = E 4,,a 1 ®-®fc. 

IC{1,...,M} 16/ 1<h,...,im<M 

If 5 = {1, . . . ,M}\{ii, . . . ,*jwf} then 4,...^ = £jc S (-l) M - #J , so = if 5 is 

non-empty, and A 1 ,...,i M = (~ l ) M if {1, • • • , Af } = {h, . . . ,i M }. □ 

Lemma 4.4. If M = \X\, ^ G k, yo, yi, yo + yi G and aZZ coordinates oft2, ■ ■ ■ , tin £ W 
are algebraically independent over k(yo, yi) then 

(yo + Vi, *2, ■■■ ,t M ) <^b= (y ,*2, • • • ,*m) <8) b+ (yi,*2, ...,t M )®b mod ker<£, 
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and (/j,yi, t 2 , ■ ■ ■ ,t M ) ®b = /j,{yx,t 2 , ■ ■ ■ ,t M ) <S> ft mod ker ip. 

Proof. It follows from Lemmas l4.2l and l4.31 that {zq+zi,z 2 , ■ ■ ■ ,ZM}®b—{zQ,z 2 , ■ ■ ■ ,zm)® 
b — {zi, . . . , zm) ® b and (fJ,z%, z 2 , . . . , zm) ® b — (j, ■ {z±, . . . , zm) ® b are sent to zero by p, 
where the coordinates of Zj are x jm +i, . . . , Xj m+m . As the G-orbits of these elements are 
also sent to zero by (p, for some u, v € W° with coordinates algebraically independent over 
the subfield in F generated over k by yo, y\, t 2 , ■ ■ ■ , tM, one has the following congruences 
modulo the kernel of <p: 

(5) {yo + yi,h, ... ,t M ) <8> b= {y + yi + u,t 2 , ...,t M )®b- {u,t 2 , ...,t M )®b, 

(6) {yo,h, . . . , t M ) ® b = {y + u - v, t 2 , . . . ,t M ) <S> b - {u - v, t 2 , . . - , t M ) ® ft, 

(7) {yi,h, ■ ■ ■ , tm) ® b = (yi + v, t 2 , . . . , t M ) ® ft - {v, t 2 , . . . , t M ) ® 6. 

As {y + y 1 + u,t 2 , . . . ,t M ) ® b = {y + u - v,t 2 , . . . , t M ) ® b + {yt + v,t 2 , . . . , t M ) ® &, and 
(«,t2) • • • j *m) ®b = {u — v,t 2 , . . . ,tM) ® ft + {v,t 2 , . . . , tM) ® ft, the left hand side of the 
congruence (JSJ is congruent to the sum of the left hand sides of the congruences © and (|7|) 
modulo ker </?. □ 

Lemma 4.5. Lei (yi, . . . ,y M ) G {0} x VF^- 1 ) u T^ Mo and Zei f/ie coordinates of Uj G W 
fte algebraically independent over k{yi, . . . ,yM)> where 1 < i < M and 2 < j < M. Set 
[0] := and (0, y 2 ,. . . , yjw) := 0. T/ien 

(8) {yi,...,y M )^b= Y (~l) #J {yu Y ^ 2 '-'-' E W®ft 

JC{2,...,M} se{l}UJ s€{l}UJ 

Y + y^%, ■ • • ,vm +Yj tMi ) ® b m ° d ker< ^- 

0^JC{2,...,M} iSJ is/ 

Proof. It follows from the identities 



E »J = E f E E ^ - E(* + E *«*)]) 



M/ 

eJ sgJ seJ 



seJ 0^7"C{2,...,M} 

~ (E ys 'E ts2 '---'E* 

that 

(9) {yx,---,yM) 



Y (-i) #/ ((E*H--Ew 

0^/C{2,...,M} V iSJ i€/ 

(yi + E • ■ ■ ' + E tm ) ) - E (- 1 ) #J (E v» E • • • > E t 

ie/ ie/ / jc|i,...,m| seJ seJ sgJ 



:{i,..,M} 

Then Lemma 14.41 applied to the summands containing y±, implies that 

{yi,---,yM)®b= Y (~ l )* J {yii Y *«2>---> E t ^)^b 

JC{2,...,M} sG{l}UJ se{l}UJ 

E (- 1 ) #/ (yi,y2 + E t2i '---' yM + E tM ^ (g)ft + ^ ' y2 '---' yM ^ (g,ft ' 

0^7C{2,...,M} iei iei 

so we get JHJ). □ 
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N 

Lemma 4.6. If M = \X\, /i G k and (zj,y 2 , ■ ■ ■ ,Vm), (I] Zi,V2, • • -,Vm), (fJ-Zi,V2, ■ ■ ■ ,Vm) G 
Ty Mo /or alll<j <N then 

N N 

(10) (^Zj,y 2) - • -,Vm) ^b = ^2(zj,y 2 , . . . <8> o mod ker^, 

3=1 3=1 

and (fizi,y 2 , ... , vm) ® b = /j,{zi,y 2 , ■■■ , Vm) <8> 6 mod ker </?. 

Proo/. If JV = 2 then (JTOJl follows from Lemmas IOI and H31 If iV > 3 then 

N N 

(/, Zj,U2, ■■■ , Vm) <8> b = (^J z, - u, 7/2, • • • , 2/m) <g> & + (zi + z 2 + it, 2/2, • • • , ?/m} <8> 6 

3=1 3=3 

for any sufficiently general u G By the induction assumption, this is congruent to 

Y,f=3( z j,y2T- -,yM)®b-{u,y 2 ,.. ■ ,VM)®b+(z 1 ,y 2 , . . . ,y M ) ®b+ (z 2 + u,y 2 , . . . ,2/m}®& = 

Y^jLii z j>y2, ■■■,vm) ®&- □ 

Lemma 4.7. X7ie k-linear map k[W Mo ] — » <g)f iy, given &jy [(2/1, • • • , 2/m)] h 

• • • ® 2/JW, is surjective and its kernel is spanned over k by [(yo, • • • , 2/j-i + Vj, ■ ■ ■ , 2/m)] — 

[(yo,---,?ypi,---,yM)] - [(2/0, • z/at)] and MK2/1, • • • ,2/m)] - [(yi, • • • , nvj, ■ ■ ■ ,yu)} 

for all yo, . . . , yu G and aW /i G fc x . 

Proof. By Zorn's lemma, there exists a maximal subset S* in W° consisting of /c-linear 
independent elements. If S does not generate W then the /c-linear envelope of S does not 
contain W°, i.e., an element y G /c-linear independent over S, so 5 U {y} is a bigger 
subset in W° consisting of /c-linear independent elements. This contradiction shows that S 
is a /c-basis of W. 

For any y G W° and any z G W there exist at most m values of /i G k such that 
2/ + fjLZ G" since this condition is equivalent to vanishing of the f2^y fc -valued polynomial 
(dyi + fj,dzi) A • • • A (cfa/ m + /xdz m ) of degree < m in \i with non-zero constant term. Let 
us show that the map (k x S) M n W Mo — > S given by the projectivization is surjective. 
Indeed, let (s\, . . . , sm) G S M . For all but < m values of /i G k x one has si + G 
W°. Fix one of such /i and set s 2 := l JLS 2- For all but < 3m values of /x G k x one has 
si + s 2 + /US3, si + s 2 + M s 3 G W° . Fix one of such \i and set s 3 := 11S3. Proceeding 
further this way, we get an element (si, s 2 , • • • , s 'm 

) G ((k x S) M ) n VF Mo projecting onto 
(si,...,s M )- ____ 

Fix a section of the projection (k x S) M n VF A/o — 5 M . Denote by S M the image of S M 
under this section. Then S M considered as a subset in k[W ] maps to a basis of (g)f W, 
which shows the surjectivity. 

For the injectivity is suffices to check that /c[S' M ] maps onto /c[VF Mo ] modulo the relations. 
For an element w = (iui, . . . ,wm) G W m ° set l(w) := Ylj=i h( w ) — where lj(w) is the 
number of non-zero coordinates of Wj in the basis S. 

By induction on l(w) we are going to show that [w] is in the image of k[S M ]. 
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If l(w) = M then Wj = fj,jSj for all 1 < j < M, where (s±, . . . , sm) G S M . For any 
sufficiently general u 2 , ■ ■ ■ , vm G fc x one has 



w 



= ■ ■ ■ Z^/[(S1,S2, ^3^3, . . . ,UMWm)\ =••■ = Hi - ■ -/Um[(si, . . . ,Sm)]. 

The induction step: if, for instance, h(w) > 2 then for all but < l\(w)m + m values of 
G k x one has [w] = /u -1 [(/iiOi, w 2 , ■ ■ ■ ,w M )] = M" 1 J2sesl(WsS,w 2 , . . .,%)], where w\ = 
EseS ^ sS ^ s a finite sum. By the induction assumption, the summands [(fj,fj, s s, w 2 , . . . , wm)\ 
are in the image of k[S M ], and thus, [w] is also there. □ 

Let m be the kernel of the multiplication map F<g> k F F. The map F ®k(F /k) — > m, 
given by ^ ■ Zj <S>yJ >— > E* -Zj ® yj — Zjj/j) ® 1 is clearly an isomorphism, so we can use 
the notation m instead of F ®£ (F/k), and the multiplicative structure of the ideal m. 

Lemma 4.8. The element a q := {x\ ® 1 — 1 ® 18) • • • (8) (rc g (8) 1 — 1 ® x q ) Sq G 
generates the sub-object m Sl ®_p • • • ®_p m Sq . 

Proof. We need to show that for any collection of G m Si the element /?i ® • • • ® /3 9 
belongs to the FfCp/^J-submodule generated by a g . Set a := x\ ® 1 — 1 ® xi- Then the 
Gp/k-oibit of a s contains (Ej=i a j(Vj ® 1 — 1 ® Dj)) s for any aj G and j/j G F such that 
Ej=i a jVj $ k- The £;-span of such elements with fixed m, . . . , y s contains \\ S j = \ (Uj ® 1 — 1® 
yj). Such products generate m s as an ideal. Moreover, they generate m s as a F®fcA;-module: 

(1®6) nj=i(%®l-l®2/i) = ((6yi®l-l®6yi)-(yi®l)(6®l-l®6))Ili=2(!/j® 1 - 1 ®yi) = 
(6ya ® 1 - 1 ® bjft) 112=2 (ifc ® 1 - 1 ® - (2/1 ® 1)(^ ® 1 - 1 ® &) ITU^j ® 1 ~ 1 ® 

This implies that /3j = Ej=i /ij -c^a^ for some <Zjj G Gp/fc and /jj G F. The Gp/ fc -orbit 
of a g contains a' := (z\ ® 1 — 1 ® ® • • • ® (z g ® 1 — 1 ® z q ) Sq , where zi, . . . , z q 6 F are 
algebraically independent over the subfield in F generated over k by all fij,&ijXi. 

For each pair such that 1 < i < q and 1 < j < Si there exists an element £y € G F / k 
fixing all /a/j, ca^^i and the elements . . . , z q , such that = z^ + OijX\. Then 

(EjLi - • • • (EjLi - i) si )(«0 = A ® • • • ® Pr " □ 

Corollary 4.9. ^4ny homomorphism F <S>k (S)fe (F/k) — ^ ^ factors through (§Q F (m/m s ) 
/or some s > 1. 

Proof. For any integer s > 1 the element a s := (xi ® 1 — l®xi) s ®X2®---® im = 
>:~ „! 1 )'(;).'•; ' ® 4 ® x 2 ® • • • ® xm G K ® fc (g)f -1 (FA))!^ ffM)u is homogeneous of 
degree s+M— 1. As Vm is finite-dimensional, the image of a s in is zero for all sufficiently 
big s. Note that a s generates m s ®& (^) fc ~ l (F/k) as an F-semi-linear representation of G. 

This implies that the image of U is a quotient of Tn/m s ®fc(^) fc ~ 1 (F/k) for some s > 1, and 
therefore, any homomorphism F®fc® fc (F/fe) = m — > V" factors through 0^(m/m s ) 
for some s > 1. □ 

Theorem 4.10. Any (finitely generated) object V of A is a quotient of a (finite) direct 
sum of objects of type &) F (m/m s ) for some q, s > 1 and F, if k = Q. In particular, any 
irreducible object of A is a direct summand of the tensor algebra (£)p&p/k- 

Proof. V is generated by V m for some m > 0. By Lemma O V^" " is a semi-simple 
GL m /c-module generating V. As it is explained at the beginning of this section, V is a 
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quotient of a direct sum of U's corresponding to irreducible direct summands of vJ^ S u . 
By Lemmas 14 , 61 and 14 . 71 V is a quotient of a direct sum a£F® k ®Z(F/k) for some M > 0. 
Then the conclusion follows from Corollary 14 . 91 and the identities va? /xo? + = Symj^m/m 2 ) 
and m/m 2 = tipi k - □ 

Corollary 4.11. Any finitely generated object of A is of finite length, if k = Q. □ 
4.1. Ext's in A 

Lemma 4.12. Hom c ((g)^ m, (g)^(m/m Af+1 )) = Hon U ((g)^(m/m JV + 1 ), ®£(m/m JV+1 )) ad- 
mits a natural k-basis identified with the set P = P(g, r, N) of the surjections {1, . . . , r} — ► 
{1, . . . , g} with fibres of cardinality < N, if N > 1, q, r > anc? g + r > 1. /n particular 
(take r > q = 1), any subobject of m/m N+1 is of type m r /m N+1 . 

Example. P = if q > r, or if r > giV; #P = g! if q = r; #P = lifiV>r>g = l. 
Proof. By Lemma f4.8| m Sl ®p • • • ®p m Sr is generated by the element ®j = i(xj <8> 1 — 

l®Xj) s i G ((g)^ =1 m s 0r Affr)u of weight («!,..., a r ) with respect to (A: x ) r C GL r A: := 

Aff r /(Aff r )«. The central weights of (® F (m/m N+1 ))}r r)u are contained in the interval 
[q,qN], so g£ =1 m s J is mapped to if Y^j=i s j & [QiQN]- In particular, the morphisms 
factor through (g)^(m/m' ?iV ~ r+2 ), and are zero if r > qN. 

The elements tt v := ®f =1 W v ( u ) = ii x u 1 — 1® x u ) for all surjections ip G P span the 

(1, . . . , l)-eigenspace of ((g)^(m/m Ar+1 ))r Affr ' >t ' . Any morphism of ® F m is determined by 

r 

the image X^gp ^<p^tf of the generator (8)^_i(a?j<8>l — l(B>SEj) for some collection of A^ G fc. D 

Lemma 4.13. A splits as Veck ©A, where Veck is the category of finite- dimensional 
k-vector spaces and A is the full subcategory of A with objects V such that V Gp / k = 0. 

Proof. For any V G A set V° : = n^eHom c (V.F) ^ er V 3 - ft follows from Theorem I4.1UI and 
Lemma ETU that V = (F G ^A ® fc p) © V°, and Ext^(F, A) = Ext^(A,F) = 0. The 
equivalence is given by V i-» {V° F ' k ,V ). □ 

Define the following decreasing "weight" filtration on the objects V of A. W q V is the 
sum of the images of all morphisms to V from (g)^ 9 m. Clearly, W* is functorial and 
multiplicative. By Theorem l4.1Ul gr^V is a finite direct sum of direct summands of (£) q F Q,p. 

Corollary 4.14. A° has no non-zero projective objects. 

Proof. Let P G A be a projective object and £2 : P — ► S F £l F be its irreducible quotient 
for a Young diagram A, where |A| is minimal such that VK' A ' +1 P ^ P. Then, for any s > 2, 
there is a lifting £ s : P — > S F (m/m s ) of £2- By Theorem 14.101 there exist q, a > 1 and a 
morphism (g)^(m/m a ) — > P such that its composition with £2 is non-zero. Then its com- 
position with any £ s is also non-zero. By Lemma l4^T2l Hom^((g)^(m/m a ), S^(m/m w )) = 
for any N > a + q, leading to contradiction. □ 

Lemma 4.15. One has Ext\((g) F (m/m N ),V) = for any V £ A of finite length, q > 1 
and N > the maximal weight ofV. 



Proof. Induction on the length of V reduces the problem to the case of irreducible V. 



Let — ► V — > E (& F {m/m N ) — ► be an extension. By Theorem KM there 
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is a surjection of a direct sum of objects of type ®^(m/m a ) onto E. By Lemma [4.121 
Hom^((g)^(m/m a ),(g)^(m/m 2 )) = 0, so there is a morphism of a direct sum of objects 
of type (g) q F (m/m a ) to E surjective over (g) q F (m/m 2 ). As the latter is semi-simple, there 
is a morphism of 0ui ? S F (m/m a ) to E surjective over (g)^(m/m 2 ). By Lemma H~T2l its 
composition with n is surjective, and therefore, the weights of its kernel are > N, so it does 
not intersect V. In other words, the extension splits. □ 

Corollary 4.16. The following pro-representable functor on A 

Rom c (m S1 ® F • • • ® F m 3 ", -) = limHom^((m ,Sl /'m Ar ) <8>f ■ ■ ■ ®F (m Sq /m N ), -) 

is exact if and only if si = ■ ■ ■ = s q = 1. 

Proof. Let V — > V be a surjection in A and £ : (^)^m — > V' be a morphism in C. We 
have to show that £ factors through V. By Lemma 14.81 the image of £ is cyclic. Let V" be 
the cyclic sub-object of V generated by a pre-image of a generator of the image of £. Then 
the kernel if of V" — ► Im(£) is of finite length. As £ factors through ^(m/m") for some 
iV > 0, and Lemma H7T51 implies that Ext^tg^m/m^), if) = 0, £ factors through V. 

The rest follows from the fact that the projection m s — > m^/m^" 1 " 8 does not lift to 
rtv 5 — > (£> s F (m/m N+1 ), if s > 2: neither non-zero morphism — > (g) F (m/m N+1 ) 
factors through m s , if N > 2. □ 

Corollary 4.17. If V £ A is of finite type then dim/% Exfr^(V, V) < oo for any j > 
and any V € A. If V E A is irreducible and Ext^fm/m 9 , V) ^ /or some q > 2 then 
V ^ m«/ra" +1 and Ext^m/m 9 , V) = k. 

Proof. If V € A is of finite type then, by Theorem 14.101 it admits a resolution . . . — > 
P2 — ► -Pi — ► Po whose terms are finite direct sums of objects of type (£) S F m. By Lemma 
14.81 the terms of the complex Homc(P,, V') are finite-dimensional over k and, by Corollary 
EM h calculates Ext^(V, V). □ 

Corollary 4.18. The filtration W* is strictly compatible with the surjections. 

Proof. Let V — ► V be a surjection in A. Then, by Corollary 14.161 any morphism 
(& F m — > V factors through V. □ 



5. "Coherent" sheaves in smooth topology 

Let Srn-jt be the category of locally dominant morphisms of smooth /c-schemes. Consider 
on &rrik the (pre-)topology, where the covers are surjective smooth morphisms. Clearly, 
the covers are stable under the base changes. 

By definition, the structure presheaf O of ©m^ associates to any Y S ©m^ its fc-algebra 
of regular functions 0(Y). Clearly, O is a sheaf in this topology. 

A sheaf T on ©m^ is " (quasi-) 'coherent" if its values J-(Y) are endowed with 0(Y)- 
module structures and its restriction to the small etale site of Y is a (quasi-) coherent sheaf 
for any Y € ©m^. 

Lemma 5.1. Let X — > Y be an etale morphism of smooth varieties over k sending a 
point q £ X to a point p G Y. Then m s q /m^ = O q <&o p ( m p/ m p) f or an U s < N , where 
m g :=ker(O g ® k O q ^O q ). 
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Proof. One has rn q /m^ = O q ®o v ( m p/ m p)> so applying Sym£j we get m*/m* +1 = 
Sym s 0q {m q /xa 2 q ) = O q (g> 0p Sym s 0p (m p /m^) = O q ® 0p (m p /m s p +1 ). The induction on N — s 
gives the conclusion: 

-» m*/mf -» m^/m^ 1 -> 

II U II 

-» O g ® 0p K +1 /<) - ®o, (tn-/tn*) -> Bo, (m-/Tn* +1 ) -> 

□ 

Corollary 5.2. T/ie category A is equivalent to the category of "coherent" sheaves on 6mj., 
ifk = Q. 

Proof. Fix an embedding over k of the function field of each connected component of 
each smooth fc-variety into F. Then, for any V € A, Y £ Gm^ and a point <? € Y define an 
O g -lattice V q C V F / k( - Y ^ as follows. Let O p C O g be an etale extension of a local subring 
in F of a closed point p of a projective space. 

Any object V of A is a quotient of a direct sum of objects of type &) F (m/m N ). Then, 
as it is true for (£) s F (m/m N ) (Lemma 15. it follows that the module V p C V provided 
by the exact functor 5, cf. ^ is independent of the choice of the projective space, and 
V q := O q ®o p V p C V is independent of O p . 

This determines a locally free coherent sheaf Vy on Y with the generic fibre V Gp / ki - Y ) . 

It follows also that, for any dominant morphism X — ^ Y of smooth ^-varieties, the 
inclusion of the generic fibres k(X) ® k( y) V° F / k ^ C V Gf /^ x ) induces an injection of the 
coherent sheaves tt*Vy ^ Vx on X, which is an isomorphism if it is etale. 

To check that V is a sheaf on Sm^, we need to show that for any surjective smooth 

morphism X — > Y the sequence — ► V(Y) -A V(X) P ^ V(X x Y X) is exact. As V x 
is a sheaf in Zariski topology on X, it suffices to treat the case of affine X and Y. In the case 
V = ® F {va./vci ), which is sufficient by Theorem l4.1()l and Lemma l4.12( this amounts to the 
exactness of the sequence — ► <S> B {m B /m^) — > <^) s A (xn A /m^) — ► ®'A® B A( m A,B/m% B ), 
where B is a smooth A;-algebra of finite type, A is a smooth l?-algebra of finite type, 
mc '■= ker(C ®& C — — > C) for any A;-algebra C, and ra^^ := vc\,a® b a- But this is clear. 
Conversely, a "coherent" sheaf V on ©m^ is sent to the object limV(C/), where U runs 

over the spectra of regular subalgebras in F of finite type over k. (As F is the union of 
its regular subalgebras of finite type over k, limV(J7) is an (F = lim 0(C/))-module. The 

action of an element a £ G comes as the limit of isomorphisms a* : V(U) — ► V(U'), where 
U = Spec(j4) and U = Spec(o~(A)) induced by the isomorphism U 1 — > U.) □ 

Lemma 5.3. For any "quasi-coherent" flat (as O-module) sheaf V on 6mj the k-space 
V(Y) is a birational invariant of proper Y . If V is "coherent" then V(Y') generates the 
(generic fibre of the) sheaf Vy 1 for appropriate finite covers Y' ofY. 

Proof. According to Hironaka, for any pair of smooth proper birational k- varieties Y, Y" 
there is a smooth proper fc-variety Y' and birational fc-morphisms Y' — ^ Y and Y 1 — > 
Y" . Let Z C Y be the subset consisting of points z such that tt : tt^ 1 (z) — > z is not 
an isomorphism. It is a subvariety of codimension > 2. As V is torsion-free, one has 

V(Y) — ► V(Y') £ V(U), 6 where U := Y - Z A Y' is the section of vr. It suffices 

^To show that i* is also injective, choose an affine covering {Uj} of Y', and a dense affine subset U' C U. 
As sum of ample divisors is ample, any intersection of open affine subsets is again affine, so {Uj fl U'} is an 
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to check that for any affine Y one has V(Y) — — ► V(f7). Choose an affine covering {Uj} 
of U. Then — » V(C/) — » 0,O(^) ®o(Y) V(Y) — > 0^0^ n *7,) ® 0(y) V(Y) is 
exact, so, as — ► C(C7) = 0(Y) — ► . 0(1^) — ► < . 0(E/i n t/,) is also exact, we get 
V(Y) = V(U). □ 

Remark. If V : Y ■-> Q? k{Y) /W{Y) then the sequence — ► SV(Y) — ► n{ {Y) — ► 

ViY) — ► H 1 ^, Qy) — > is exact, so V(Y) is birationally invariant if and only if j = 0: 
for any closed smooth Z C P J+1 = Y of codimension 2 such that 7^ one has 

B X {Y\ Q y/ ) H l {Y, n Y ) where Y' is the blow-up of Y along Z. 

Then, using Lemma f5.Hl we get a left exact (non faithful) functor (with faithful restriction 
to the subcategory of "coherent" sheaves) 

{flat "quasi-coherent" sheaves on Sm^} — —* {smooth representations of Gpyj. over fcj 

given by V w limr(Y, Vy), where V runs over the smooth proper models of subfields in 
F of finite type over k. This functor is not full, and the objects in its image are highly 
reducible, e.g., r(fik) = @ A (A(F)/A(k)) ®End(A) r (^'^A/fe)' wliere ^ runs over the set 
of isogeny classes of simple abelian varieties over k. If V is "coherent" and T(Y,Vy) has 
the Galois descent property then T(V) is admissible. However, there is no Galois descent 
property in general. 

Example. Let Y' be a smooth projective hyperelliptic curve y 2 = P(x), considered as 
a 2-fold cover of the projective line Y. Then, for Vy = (fiy^)® 2 , the section y~ 2 {dx) 2 = 
P(x)~ 1 (dx) 2 is a Galois invariant element of r(Y', Vy), which is not in T(Y, Vy) = 0. 

6. A/A >m 

The only finite-dimensional objects of A are direct sums of copies of F, so the category 
A is far from being tannakian. However, A admits a decreasing filtration by Serre subcat- 
egories A >m such that all A/A >m are again abelian tensor categories and their objects are 
finite-dimensional. The category A/A> m is not rigid. 

Let A >m be the full subcategory of A with objects V such that V m = 0. Clearly, A >m 
is a Serre subcategory of A. Moreover, it is an "ideal" in A in the sense that the tensor 
product functor A >m x <A — ► A factors through A >m , so the quotient abelian category 
<A/A> m carries a tensor structure. 

By definition, the objects of A/A >m are the objects of A, but the morphisms are defined 
by Rom A/A>m (V,V) = Honu«V m >, V'/(V') >m ) = Rom A/A>m (V, (V^)), where (V m ) de- 
notes the semi-linear subrepresentation of V generated by V m and (V') >m is the maximal 
subobject of V in A >m . 7 In particular, V = (V m ) in A/A >m . 

Example. A/A>q is equivalent to the category of finite-dimensional /c- vector spaces. 



affine covering of U' . Then the diagram 

V(Y') ©iV(Ui) 

v(U) - v(u') e,v(Kn[/') 

is commutative, and tp is injective since V(Ui PI (7') = 0(f7, PI (7') 8>c>(u-) V(t/i) and V is torsion-free. 

^The functor A — ► A >m , V 1— ► (V)> m is right adjoint to inclusion functor A >m — > A. In particular, it 
is left exact. 
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The functor A/A> m — ► ®£m> ^ l— ¥ Vm is exact, faithful and tensor. Note also that the 
objects of A/ ' A> m are finite-dimensional. Namely, /\ imKm m+1 V = 0. 

Let $ be a monoid of one-dimensional objects of A/A >m , such as (Q^^ k )^ N for any 
N > 0. The set $ is partially ordered: oj < n if there is £ € A/A> m such that r\ = oj ® £. 
In particular, oj < oj ® r] and 77 < u; ® 77. If A; = Q then $ consists of some (symmetric) 
F-tensor powers of 

Lemma 6.1. The k-vector space ILom A / A>m (V ® oj, V ® a;) zs finite- dimensional and in- 
dependent of oj £ & for oj sufficiently big. 

Proof. For any a;, 77 £ <5 such that oj < r] (i.e., 77 = cj ® £ for some £ € A/A> m ) the twist 
by ^ defines a canonical inclusion YLom A / A>m (V C Hom^/_4 >m (V ® 77, V ® rj). 

The fc-vector spaces 

Rom A/A>m {V, V") = Hom^((F m ), V/(V')>m) — ► Hom^ M>m (F ® £/, V ® C/) 
= Hom^((F m ®^ m f/ m },(V r, ®f/)/(y , ®C/) >m ) C Hom^^^^fV^®^^,^®^^) 

are finite-dimensional. On the other hand, 
Rom A ((V m ),V'/(V') >m ) C Ho mi , m(GKm/fc) (VW,^) 

£ Hom A- m <G AWfc )(^m ®i^ m E/m, U m) 

for any U € C with C/ m 7^ 0, where the second equality takes place if and only if dim^ m U m = 
1, e.g., for U £ <E>. □ 

Let 06(At _) := Ofc(A) and Horn .+ (V, V) := Rom A/A (V®u, V'®oj) for sufficiently 
big oj G <3>. Then ®u; : — ► A$ is a fully faithful functor, so we can invert objects 
in to get a category A$, m '■= «4$ mt^ -1 ]- If ^ is the set of all one-dimensional objects of 
"4/*4>m then A m := Aj> i?n is tannakian. 
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